1620

IRREVERSIBLE (RATIONAL) THERMODYNAMICS OF MIXTURES
OF A SOLID SUBSTANCE WITH CHEMICALLY REACTING FLUIDS

NGUYEN XUAN QUANG?, Ivan SAMOHYL? and Ho S1 THOANG*

4 Chemical Institute, National Centre for Scientific Research of Vietnam,
Nghia do — Tu liem — Ha noi, Vietnam and

b Department of Physical Chemistry

Prague Institute of Chemical Technology, 166 28 Prague 6, Czechoslovakia

Received December 11th, 1987
Accepted January Sth, 1988

The method of rational thermodynamics of Truesdell’s school (non-linear thermomechanics
of continuum) has been applied to mixtures of a solid substance with chemically reacting fluids.
The kinematics, balances, and stoichiometry in such mixtures are formulated, and constitutive
equations are proposed involving the effects of diffusion, heat conduction, and long-term memory
expressed by internal parameters. The final form of the constitutive equations has been obtained
by applying the constitutive entropic principle of Coleman and Noll. The equilibrium in the
mixture is discussed.

The present paper deals with both reversible and irreversible (transport) phenomena
in mixtures of a solid with chemically reacting fluids (e.g. gases) with the aim to use
the results in the description of heterogeneous catalysis!. We use the method of
rational thermodynamics (non-linear mechanics of continuum) of Truesdell’s
school?~7 and the results of our preceding works®® about mixtures of a solid with
non-reacting fluids. In contrast to the earlier thermodynamic analyses of such mix-
tures®''® we consider also the influence of internal (hidden) parameters modelling
some memory effects, which may in heterogeneous catalysis represent, e.g., the
influence of adsorption, desorption, or surface reaction’.

Basic Concepts and Kinematics

As in the preceding work®, vectors and tensors are denoted by small and capital
bold type letters; Cartesian components and the summation rule are used in com-
plicated expressions. These components are denoted by Latin superscripts: lower
case for space (Euler) coordinates, upper case for reference (Lagrange) coordinates.
The motion of a mixture of n constituents, of which the n-th is solid (or more precisely
a substance of arbitrary symmetry) and the other are fluid, can be described as super-
position of motions of the constituents &« = 1,2, ..., n

x = 1(X,. 1) (1)
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Irreversible Thermodynamics of Mixtures 1621

representing mapping of the particles X, (positions in the body of the constituent «
in its reference configuration) into the point x in the mixture at the instant ¢ (here
exceptionally X, denotes vector; deviations from the notation of subscripts will occur
below in stoichiometry). In actual configuration, all n particles X, of the constituent
bodies hence occupy any point in the mixture at an instant ¢ (compare?~**°). We
assume that the mapping (1) is invertible with respect to X,, so that the deformation
gradient F, defined as

F,=Grady,, or F'= gl;"l (2)

is a regular tensor. Hence
E, =|detF} +0. (3)
The second deformation gradient is defined as
G, = Grad F,, ie GI¥ = oF)lox¥. (4)
We note that
Grad E, = E,tr F;'G, or OE,[0X} = E,F;'"GJ¥, (5)

where — 1 denotes inversion. The velocity v, of constituent « is defined as
v, = 0y,[ot . (6)
and the (spatial) velocity gradient L, is defined as
L,=gradv, ie IY= 6u;i6xj ’ (7)

(the reference and spatial gradients are respectively denoted as Grad and grad).
The diffusion velocity u, of constituent a (with respect to the solid constituent) is

i

u, =v,

g ®)
and accordingly u, = o. Hence, by the invertibility relation (I), we have for any

quantity = y(x, 1) of the mixture also y = (X, t), and the time derivative of the
latter function is denoted as material derivative, D,y/D1, for which we have

Dy/Dt = oyfot + v, . grad ¥, 9

where a0t is the time derivative of y(x, ). For the n-th constituent (solid), we shall

Collection Czechostovak Chem, Commun. (Vol. 53) (1988)



1622 Quang, Samohyl, Thoang:

use the notation

Dy/Dt = § (10)
and accordingly
DY/Dt = + u,.grad y . (11)
So, e.g. v, = D,x,/Dt or
L, = (D,F,/Dt)F; 1. (12)

General Postulates

Here, we give the conservation laws and the second law of thermodynamics in local
forms in the reacting mixture?'® (for derivation from postulated global balances
see refs®7).

The balances of the constituent masses are

D,,/Dt + g, divv,=r,, a=1,..,n, (13)

where g, denotes density (mass concentration) of constituent « in the mixture and r,
is the production of its mass per unit time in unit volume due to chemical reactions.
The balances (13) can, with respect to Eq. (9), be rewritten in the form

00,/0t + div g,v, = r,. (14)
From this we derive the (spatial) gradient
ohjot + (grad h) v, + g, divLl; + hL, + h,trL, = grad r,, (15)

where div LT is in the component form JL}/ox' (T denotes transposition) and the
density gradient is

h, =gradg,, a=1,...,n. (16)
If we set by definition!®
Ve = Eu00 (17)

then the mass balance of constituent o (1 3) can be written as

D,y,/Dt = E,r,, (18
where use was made of the Euler equation
D,E,/Dt = E,divyv,. (19)
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We shall concentrate on the case where the n-th constituent (solid) does not react

r, =0 (20)

(however, it can have an influence on the reaction velocity as a heterogeneous cata-
lyst'). For this constituent, the mass balance can be obtained by integration of Eq.
(18) in the form

Vo = 0uEn = aildet F| = oF (21)

where ¢ is the density in reference configuration of component n, considered as
known (as the field gj(X,)). The mass balance of the mixture is given by

Dra= 2 rg=0. (22)
The momentum balance of constituent « is
0y D¥, /Dt = div T, + g,(b, + i,) + k,, (23)

where T, is the (partial) stress tensor of constituent o, k, is the interaction
volume force acting on constituent « (originating from the other constituents), b,
is the external volume force acting on it (e.g. gravitation), and i, is the apparent
force acting on it (only in non-inertial reference systems).

The momentum balance of the mixture is

> (ki + rv) = o (24)

a=1
and the balance of the moment of momentum of constituent « is
M, =T, —TF, (25)
where M, denotes the moment of forces (in unit volume) acting on it and originating
from the other constituents (directly, i.e. not mediated by the moments of forces

from the balance (23)). For M, = O the tensors T, are symmetrical.
The balance of the moment of momentum of the mixture has the form

M, =0 (26)
a=1
and the balance of the energy of the mixture is

Y 0. Dy /Dt + Y rau, = Y trToL, — divg +
a=1 a=1

a=1
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+Q—Zka.ua—%zraui, (27)
a=1 a=1

where u, is the (partial) internal energy of constituent «, q is the heat flux, and Q
denotes the heat source (e.g. by radiation). The second law of thermodynamics in the
local form corresponds to the Clausius-Duhem inequality

6= glga D,s,/Dt + é{“sa + div(q/T) — Q/]T =z 0, (28)

where s, is the partial entropy of constituent «, T absolute temperature, and ¢ denotes
the production of entropy. Thus, we concentrate on the case where a single tempera-
ture T corresponds to all constituents of the mixture; therefore only the energy
balance (27) for the mixture need be considered**~7. The partial free energy of
constituent « is defined by the familiar relation

fo=u,—Ts,, a=1,..,n (29)

By eliminating q and Q from Eqs (27) and (28) and using Eq. (29)we obtain the
reduced inequality

n n n
—To‘ = ZQE Dafa/Dt + Z rafa + Zgasa DaT/Dt +
a=1 1

a=1 a=
+(qT).g+ Yk uy — 3 tr TiL, +4) rul 20, (30)
a=1 a=1 a=1

where
g=grad T (31)

15 the temperature gradient.

Stoichiometry

As usual, we shall assume that all constituents of the mixture (chemical compounds)
are composed of atomic substances (e.g. atoms of elements) which do not change
during chemical reactions (so-called postulate of permanence of atomic substances),
and we shall use the Bowen method’" for the mathematical treatment (compare?®-®-7).
Let T,, denote the number of atoms of the type ¢ in the constituent « (there are at
most z atoms of the type ¢ = 1, ..., z in the mixture). Each atomic substance is
characterized by its atomic mass o/ (here it is preferable to use also superscripts),
and accordingly the molar mass of each constituent can be expressed as

M,=Y 4T, (32)

o=1
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The postulate of permanence acquires the form

S T =0, o=1,..z, (33)

a=1

where the rate of conversion J* (in moles of constituent « per unit time in unit
volume) is

J* = M, . (34)

Further it is necessary to know the rank, h, of the matrix of T,,. Two cases may
occur: for h = n the mixture is non-reacting (r, = 0 for any «), and for h < n
chemical reactions can proceed in the mixture.It can be shown?+¢'7-1! that the postu-
late of permanence can be equivalently expressed as follows: The abstract n-dimen-
sional vectorial space (in which the vector of molar masses M or of chemical con-
version rates J can be set up from the components M, or J“) can be decomposed
to two subspaces, one of which (of dimension h) always contains the vector M and
the other (so-called reaction subspace of dimension n — h) always contains the
vector J.

Each base of the (n — h)-dimensional reaction subspace corresponds to the choice
of n — h independent chemical reactions, and the components J, of the vector J
in this base express the rates of these reactions. The components J, and J* are uni-
quely interdependent, e.g.

n—h

=3 J,P”, a=1,...n, (35)
p=1
where P"* are stoichiometric coefficients of the constituent « in the p-th independent
chemical reaction (the matrix of P”* has the rank n — h).

Constitutive Equations

Starting from the so-called constitutive principles?~ 7 and properties of reacting®:7-1°
and non-reacting mixtures**-8, we shall propose the constitutive equations of
a reacting fluid mixture and non-reacting solid substance for the following quantities:
{fw Sas Ta* k/h "(p’ q* /}:,} %(Fm Gm Qs hé’ u;, Ta gv ﬁq) (36)

x=1...,n; B,o=1..,.n—1; o=1,...n-2; g=1,..,5
where % denotes the constitutive functions f,, §,, T,, k;, #,, 4, and [, of the inde-

pendent variables given on the right-hand side. Thus, e.g. the constitutive equations
for the material derivatives of the internal parameters f, (which are s in number)
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with respect to the n-th constituent (compare Eq. (10))* are

Bq = Iq(Fn,Gn’ Q15 -+ On—1> hla RS hn—h ul’ LS un—ls T"gv ﬁl’ AR BS)
g=1,...5. (37)

By the definitions (29), (34), (35), and (38)—(40) it can be seen that the same type
of constitutive equations applies for J*, J,, u,, f, s, and g,; similarly the quantities
Tw Tn—1 and k, can be obtained from Eqs (20), (22), and (23). The constitutive equa-
tions (36) hence express that the n-th constituent is solid (or of any symmetry) and
others are fluid (deformations exert an influence only through the densities®~7-!?)
and obey, among others, the constitutive principles of equipresence (independent
variables are in all constitutive equations the same) and objectivity (all variables
are independent of the choice of the reference system; we shall not deal with iso-
tropicity of the constitutive functions, leading to further reduction of their form,
since the tensor character of f, is not known, not to speak about other reasons).
The most important restrictions referring to the constitutive equations (I) follow
from the principle of dissipation (or admissibility)'*-'%, to which the rest of the
present work is devoted (see also””®:'°). According to this principle, the Clausius—
~Duhem inequality (28) is satisfied for all processes obeying the balances in the
material with constitutive equations (36) (so-called admissible thermodynamic
processes). For all such processes the reduced inequality (30) must be satisfied,
whence follow aditional restrictions referring to the constitutive equations (36).

We introduce the free energy of the mixture, f

of =3 ofs (38)

a=1

the entropy of the mixture, s

05 =) 0,5 (39)

a=1

and chemical potential, g,, of the constituent «

9o = 0of[dg, a=1,...n, (40)

* We use this derivative owing to the special function of the n-th constituent in our model.

However, it may be that a constitutive equation of the type (37) could bf’ used for D, f,/Dt
with @ + n. Yet such model is generally different, as can be seen when Bq is recalculated to
Daﬂq/Dt for o = n (by Eq. (11)): in fact, owing to grad f the constitutive equations for D,S,/Dt
are not functions of the type (37), but functionals depending also on the history (past values)
of the dependent variables.
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where g is the density of the mixture
=)0 (41)

(note that f, s, and g, are given by a constitutive equation of the type (36)). By
introducing the constitutive equations (36) into Eq. (30) we obtain after rearrangement
(particularly of the term D,f,/Dt) using Eqs (9), (11), (14) (to express dg;/dt), (15)
(to express oh,[0t), and (38)—(40) finally the following inequality:

n n—2
—Te =Y g.r. + Y [(ffony) — (afjoni_ )] [(or,JoFY) GP¥F 15 +
a=1 p=1
n—1
+ (0F,/0GY"(Grad G,)"*" F "M 4 ¥ (f,[005) hs +
o=1
n—1

n—1
+ Z (¢#,]0h}) (grad hs)' + Z (af,,,/aug;) (Uy — D) +

+ (07,[6T) g' + (97,/0g°) (grad g)" + }:(ar jeB,) (grad B,)'] +

{]—

+6; nga(afq/aha) .(grad h;) u, —6glg(¢7f/8hé) . (grad hy) u; —

n—1 n—1

_‘SZ‘ g(@f/@hd) 05 . grad tr L, ——62‘(_)(6]7/(%6) . h,L, —
n—1 ne1 I
_(5:21 Q(Of/ahé) ' hé t L6 +6Z|Q(ﬁf/aua) ’ (Pvé/(‘\l) —(SZ] Q(aj/aué) . v‘n +
n n—1

+ o(&fjoF,) FILY = % ¥ e dffou;) il — TPLY +
a=14d4=1

n— n—1 n—1 n

Z ZQ Ou,,) vl — ) oL - Y > 05 (f(,l/é’g‘s oL +
3= = é=1 d=1a=1

n—1 n
+ Z 0l OfJOF ) ulGH¥F 18 4 Z Z 0(0f./C0s) (u, — u;) . hy +

=1 a=1

+ (9ffoG*) 6K + Z 0(0f,/0G) ui(Grad G,)" " F 7'M
+ o((éf/oT) + s) (8T/or) + Z 0(31,JeT) + s)v,. g +

+ o(éfjog) . (2glot) + élga(c?fa/ﬁgi) (grad g) vl + ig(@f/@ﬁq) B, +

g=1

+ Z Z 0{0f.joB,) u, . grad B, + (1/T)q . g +:glk‘,.u,, +

g=1a=1
+ ;(1/2) rus 0. (42)
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As already mentioned, according to the dissipation principle the entropic inequality
(28) and hence also the reduced inequality (30) must be satisfied for all admisisble
thermodynamic processes, i.e. for all fields of motion (deformations), temperature,
density, and internal parameters and the corresponding responses of the constitutive
equations (36), which satisfy all balances (13)—(27). The energy balance (27) or
the momentum balance of the constituent (23) are satisfied by suitable Q or b,
{or b, + i,), since these fields can essentially be determined from the outside of the
mixture. The balances of momentum (24) and mass (22) of the mixture are satisfied
by suitable k, or r,_;. Hence, according to the mentioned principle the inequality
(42) must also be satisfied for all fields of motion, densities, and internal parameters
chosen in the material with constitutive equations (36) so that the mass balances
of the constituents (13) or (18) be also satisfied. Particularly, the inequality (42)
must be satisfied for the following fields in a mixture where y is an arbitrary point
with particles Y, of all constituents « = 1, ..., n at any instant t and x is an arbitrary
point with particles X, of all constituents at a certain instant ¢:
The field of motion for n-th constituent

= 10 ©) = X ol = 1) + FEO = X3) + $GEN(YY - XD (VF - X8) +
+ LIFY(Y] — X3) (x — 1) + $oi(r — 1) +
+ }(Grad G,)"" (Y] — X)) (YK — X¥) (Yy - X%) + $GPX(Y;) - X)) .
(X=X (- 1), (43)
where use was made of Eq. (12) for F,.

An analogous field can be chosen for the chemically reacting constituents, § =
= 1, ..., n — 1; their references are chosen so that in the point x and instant ¢

F,=1, G, =0, GradG, =0 (44)
and use is made of Eqs (9) and (10)
o= gi(Ye 1) = X'+ ot — 1) + 8(Y] — X}) + LIsP(Y) — Xp)(x — 1) +
+ Hovfor + viLd) (x — 1)* + $(grad Ly)* §¥6(Y] — X3) (Y5 — X§)(r — 1),
(43)

where 6" are shifters'® (or Kronecker delta symbols, when the space and reference
coordinates coincide).
The temperature field is chosen as follows:

T(y.t) = T+ (8T[ot) (r — 1) + ¢'(y' — x') + L(grad g) (' — x') (37 — x) +
+ (8g'fot) (y' — x') (z — 1). (46)
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In the fields above, all the quantities

V.. G,, F,, v, Grad G, G,, ov,[ot, grad L, L, (47)
T, 0T/ot, g, grad g, 0gfor a=1,...n; B=1,..,n—1 (48)
are taken at the point x with particles X, at the instant ¢.

Let us further consider the field of the quantities y; (17) in a body with particles
Y,. but at a chosen instant ¢ (in contrast to (43), (45), and (46))

16(Yss 1) = 5 + (Grad y,)’ (Y5 ~ Xp) +
+ 4(Grad (Grad 7))’ (Y] — X}) (Y} ~ X}§) = ¢ +
+ hpo (Y] — X3) + 4(hghjs*e™ + (49)
+ (grad by 57%5%) (v — XE) (VF = X5).
In the second expression, use was made of the definitions (4), (5), (16), and (44).

Finally, let us consider the field of internal parameters f, in the mixture at the point
y but again only at the chosen instant ¢

B(Yw 1) = By + (grad B) F(Y) = X3) q=1,...5. (50)
Here again, the quantities FY and
op hg, gradh, f=1,...n—1 (51)

B, grad B, q

—

e S (52)

are taken at the point x in chosen particles X, and at a chosen instant .

Now, if we choose the values of the quantitites (47), (48), (51), and (52) at an
arbitrary point x (with particles Xa) and instant ¢ arbitrarily and mutually indepen-
dent, we obtain an admissible thermodynamic process. Indeed, such a choice gene-
rates the fields of motion (43) and (45) and temperature (46); the field of internal
parameters is obtained by solving the differential equations (37) with the initial
condition (50) and values (52) at the point x and instant ¢. Finally, it remains to
satisfy the mass balance of the constituents f =1,...,n — 1 (the mass balance of
n-th constituent (21) determines the field g, by motion (43), since the density of n-th
constituent in the reference is conserved as given beforehand), which can be achieved
by solving the differential equations (18) with initial conditions (49). According to
the dissipation principle, also the inequality (42) must be fulfilled, i.e. it must hold
good at a given point x (with particles X,) and instant ¢ with an arbitrary choice
of the quantities (47), (48), (51), and (52). This leads to a restriction of the constitu-
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tive equations (36) (and those for s, f, and g,). Indeed, let us choose, at arbitrary x
and t, some values of

Fm Gm Qaa hcv va’ T; g’ ﬁq (53)

fora=1,...,n,0=1,...,n—1, g =1,...,s. Thus, the values of the responses
(36) and hence of f, s, g, are determined (compare Eqs (38), (39) and (41); Eq. (21)
is used for g,). The remaining quantities (47), (48), (51), and (52)

L, v,, Grad G,, G,, dv,/dt, grad L, grad g,
doglat, grad hg, grad B,, 6T/t (34

are fixed except for, e.g., the last one, 6T/0t. Since the inequality (42) depends linearly
on this quantity, the corresponding multiplicative term must be equal to zero

ofjoT = —s (55)

and this is an identity, since the quantities (53) are arbitrary. Analogously, by
choosing a suitable grad L, (e.g. with only one non-zero term dL;'/ox') with all
other quantities (53) and (54) constant we obtain that the multiplicative term standing
with grad tr L, in the inequlity (42) is equal to zero identically

flohs =0, 5=1,...n—1, (56)

Jeading to a simplification of (42). Analogously, from the linearity of the dependence
on dv,/0t in (42) we obtain the identities

Flous =0, d=1,...n—I (57)
and from the linearity in G’* follows the identity
of|oGEx =0 (58)

(according to the definition, this derivative has the same symmetry in J, K as GJ%)
and from the linearity of (42) in dg/ot

oflog = o. (59)

Further we have the terms in (42) linear in L,, which by the same procedure lead to
the identity ford =1,...,n — 1

Zlga(afa/aué) U; - Téu - Zlgagé(afa/agti) 5U =0 (60)
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and terms linear in L, give identically

n n—1

~ 2, Zodehjo) = T+ oelor) FY 0. (1)

There is a term in (42) linear in the symmetric tensor grad h; and therefore the tensor
forming the product with it is antisymmetrical

e(ohon) ud + 3 (eljok) ut =0 (62)

for 6 = 1,...,n — 1, and for the same reason the tensor forming the product with
the symmetrical tensor grad g in (42) is also antisymmetrical

5 odahisqd + 3, oLehjogh it = 0. )

Now, we have a term in (42) linear in the arbitrary Grad G, and again this expression
must cancel out. Then, with respect to symmetry of (Grad G,)”*" in the superscripts
J, K, L (only 30 components out of 81 are independent), the tensor DX of the 4th
order

DUt = Zlga(afa/ac;"‘) F byl (64)
satisfies the relations®1¢

DiJJJ — 0 Di.IJK + DiJKJ + DiKJJ =0
Di123 + Di312 + Di231 + Di132 + Di213 + Di321 — 0’ i, J, K,L = 1’2,3, (65)
where the bold type superscripts are excluded from the summation rule.

At last, we have a term in (42) that depends linearly on grad f,; this is, however,
arbitrary (compare Eq. (50)), hence

glga(afa/aﬂq) u =0, g=1,..,5 (66)

and so the inequality (42) is reduced to

~To = igdra + i@«(afafapij) u?G:’JKFn—ll(j +
a=1 a=1
+ ;x 62{@4:(6]1/696) (u, — us) by + ;g,((af;/a’r) + S) V.. 8+
+ =Zsle(aflaﬂq) B, +(1/T)q.¢g +5=ixk6 LUy + %;rauf <o0. (67)
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With the aid of the results (8), (55), (57), and (59) the expressions (60), (63), and (67)
can further be rearranged as follows. From Eq. (60) we obtain

n ) n—1
T + Z Qa@é(afa/agé) ol _ﬁZIQﬂ(afp/au(;) “,éz =0 (68)
a=1 =
for6 =1,...,n — 1, and from Eq. (63)
Zl(ga(af}/ag‘) ul + 0(0f./og’) ul) = 0 (69)

and finally the inequality (67) can be rewritten as

n—1 n—h n

-1 5
—To =4y rgup + 3 J, A" + Y py up+m (gT)+ oY apf, <0, (70)
B=1 p=1 g=1 q=1
where the affinity a, for the internal parameter is given as

a, = dflop,, a=1,...s, (71)

the chemical affinity of p-th chemical reaction, 4? (differing in sign from the classical
definition) is defined as

AP =Y g.M,P”, p=1,..,n—h, (72)

a=1

where g,M, is the molar chemical potential; further we define

m=gq +a=ilga((af,/a7") +5)u, (73)

n—1
pi = ki — g4h} +6;(ag,,fﬁ/ag,,) hi + (Boufs|OFy) GIXF K3,
B=1,..,n—1. (74)

Finally it can be seen from Eqgs (56)—(59) that the constitutive equations for f and
hence also for s according to Eq. (55) are

f=7F.0 T B), s=35F,05TB,). (75)

Equilibrium

Keeping in mind the zero production of entropy, we define the equilibrium as a state
for which

uy=o=uj f=1,..,n—1, g=o0=g°, (76),(77)
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=0 o=1,..,n—-2, BS=0 g=1,..,s, (78), (79)

(where the superscript 0 refers to equilibrium). Hence, in equilibrium we have o = 0
according to Eq. (70). Other independent variables attain their equilibrium values
F.. G, 05, h3, T°, and B for 6 = 1,...,n — 1, g = 1, ..., 5. Hence, for example,
according to Egs (36) and (37)

ro = P (Fr, G, 05, b3, 0, T 0, ;) =0, (80)

@

Bo = ’q(F:’ G:’ Qg’ hg’ o, Tov o, ﬁ;)

q

0. (81)

Hence, according to Eqs (20), (22), and (78) rg =0 for a = 1,...,n and in the
equilibrium we have according to Eq. (34)

J°=0 a=1,..,n, Jo=0 p=1,...n—h, (82), (83)

where the latter equation follows from (35) and (82) and from the rank n — h of
the matrix of stoichiometric coefficients P?*.

It follows from the definitions (76)—(79) that the quantity To = Il = [I(F,, G,
05 hs, us, T, g, B,) has in the equilibrium the value of zero, which is at the same
time the minimum (compare Eq. (67)). Hence,

d ,
o [1(F3 + 2C, G2 + 1B, g3 + Aus, h§ + Ays, Aug, T° + A1, A8, B3 + 2E) 120 = O
d=1,...n—1, g=1,...s, (84)

where / is a real parameter and the quantities C (tensor of the second order), B
(tensor of the third order), y;, u;, g (vectors), o, 7, and &, (scalars) are arbitrary
(whatever values they have, I7 is defined if A is sufficiently small). For the same
reason,

d*f

0, (85)
di?], o

I

however the implications of this inequality will not be dealt with here.

By introducing Eqs (70)—(75) into (84) we obtain for A = 0 (with the aid of Eqs
(77)—(79) and (83) and constitutive equations (36) and (37)) after rearrangement
an expression, which is linear with respect to the arbitrary quantities occurring in
Eq. (84), so that the corresponding multiplicative terms, which are given below,
must be equal to zero (the term occurring with Bi’* must be symmetrized with respect
to the last two superscripts, since the tensor B’X has the same symmetry — see Eq..

(87))
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n—h s
zl(aj,,/afj,’y AP + Zl %al(ol,JoF}r = 0, (86)
pP= q=

Z [(27,/0G,™) + (27,/0G°y] 4% +

+ Zl[(al,,/ac,‘,"‘)" + (01,/0GY] ¢%al = 0, (87)
£
pz:'(, Js) A +q§l(6lq/6g,,)° al=0 6=1,...,n—1, (88)
"i:(aj,,/ah,,)" AP 4 il(alq/ah,,)° Cal=o0 S=1,..,n—1, (89)
= R
:i’:(aj,,/aT)o AP + il(al,,/an 0°al =0, (90)
z 2
i’:( o[0B,)° AP + Zs:l(élq/éﬁ,)° Cag=0 r=1,..s, (91)
2 pe
:i:hl(aj,,/au;;)" AP° +q21(6lq/ ub)° 06l + kI — gshie + (92)

n—1
+ Y (G0sfy005)° h2 + (B0pfy|0F ) GU¥oF; 1K = 0,
6=1
p=1,...,n—-1,

(1) a° + 3 @00y 4= + 3 (@ljoe) ag = o. °3)

Let us now consider a system of linear homogeneous equations consisting of n — 1 +
+ sequations (88)and (91) forn — h + s unknowns A*°, a (p=1,...,n — h; g =
=1,..., s). Since h = 1, we haven — 1 + s =2 n — h + s, hence if we assume that
the matrix of this system has the rank n — h + s, then in the equilibrium

A =0 p=1,...n—h, a8=0 gq=1,...,s. (94, (95)

The mentioned assumption seems plausible, since in the opposite case (if, for the
conditions (78) and (79), the conditions (94) and (95) were invalid) we would have
to deal with “frozen” chemical reactions or internal parameters.

Conversely, it would be possible to use the conditions (94) and (95) to define the
so-called strong equilibrium? in place of the conditions (78) and (79), which can then
be derived under a similar plausible assumption as a consequence.

The resulting conditions (94) and (95) imply trivial validity of the other relations
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(86)—(91) and reduce Eqgs (92) and (93) to the form

n—1
kit = gihy — X (Oeafyloes)” b3 — (BeafylOF,') G °F ;1
ﬂ:l,...,n“'l, (96)
9" =0; (97)

the latter equation means that the heat flux in the equilibrium is equal to zero
Hence, according to Eqs (73), (74), and (76)

pp=0 f=1,..,n~1, m=o (98), (99)

in accord with zero production of entropy in the equilibrium.
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